Abstract-In developing the drain current model of a symmetric double-gate MOSFET, one encounters a transcendental equation relating the value of an intermediate variable β to the gate and drain voltages. In this brief, we present an enhancement to an existing approximation for β, which improves its numerical robustness. We also benchmark our suggested enhancement and show that our enhancement is as computationally efficient as the original approximation but is numerically much more robust, with an accuracy that is comparable to the original approximation.
I. INTRODUCTION
T HERE have been many core models for the drain current of a symmetric double-gate MOSFET [2] - [14] . In such models, one typically encounters a transcendental equation [4] relating the value of an intermediate variable β (which we call β 1 in this brief) to the gate and drain voltages. This equation can only be solved numerically by means of iterative techniques. To implement the model in a circuit simulator, it is desirable to have closed-form expressions. In [1] and [15] , a closedform approximation procedure for β 1 was presented. However, these procedures have some drawbacks, which we discuss in the next section, after which we suggest an enhancement to [1] to overcome the drawbacks.
II. DRAWBACKS OF EXISTING APPROXIMATIONS
The approximations described in [1] and [15] , as well as our proposed enhancement described in the next section, were implemented in Scilab and investigated for accuracy, numerical robustness, and computation expense in terms of CPU time. The investigation was carried out on an AMD Opteron 2.4-GHz Linux-based PC featuring 16-GB RAM. The free variable (V GD − Δϕ) was swept from −0.34 to 4 V in steps of 0.01 V, and the candidate approximation procedures were executed at each bias point. The odd value of −0.34 V was chosen because Fig. 1 . Accuracy of our proposed enhancement to [1] . The trace labeled [1] Modified denotes the present work. The missing data points for the trace labeled [1] correspond to an error < 10 −14 %.
it is the lowest bias point at which the approximations discussed in both [15] and [1] work. Table I summarizes the results (the accuracy is shown in Fig. 1 ).
For bias ranges below −0.34 V, the approximation described in [15] gives a divide-by-zero error. The root cause of this problem was diagnosed to be the computation of ζ in [15, eq. 13] , which gets calculated as zero when z is very small, which happens when (V GD − Δϕ) is less than about −0.34 V. Another drawback of this approximation is the piecewise computation of the Lambert-W function [16] . Such bias-dependent break points of a piecewise computation are not desirable in a compact model implementation.
Similarly, for bias ranges below −1.34 V, the approximation described in [1] gives a singularity of log function error. The root cause of this problem was diagnosed to be the computation of η 0 in [1, eq. 14]. When (V GD − Δϕ) is less than about −1.34 V, the second term in the square root in [1, eq. 13] gets 0018-9383/$25.00 © 2009 IEEE neglected in comparison to the first term, and z 1 gets computed as zero.
The numerical robustness was investigated for many geometries (W fin and t ox combinations), and the limit points of −0.34 and −1.34 V of the approximations described in [1] and [15] , respectively, are found to be quite typical for various geometries.
In Table I , the approximation labeled Present work is our suggested enhancement to the approximation described in [1] , in order to overcome its numerical robustness limitation. It is described in the next section.
III. PROPOSED ENHANCEMENT TO [1] The transcendental equation in question [4] is
β 1 is a state variable with a value between 0 and π/2, and is the same as β in [4] . The term β in (1) is given by β = (qn i /2εφ t ). In (1), W fin is the silicon thickness, C ox is the gate oxide capacitance per unit area, ε is the permittivity of silicon, Φ t is the thermal voltage (kT /q), Φ fn is the electron quasi-Fermi potential (equals zero and V DS at the source and drain ends, respectively), q is the electronic charge, and ΔΦ is work function difference between the gate electrodes and intrinsic silicon. Equation (1) can also be written as
Defining β 2 = β 1 tan(β 1 ), we get
In (3), the first term in the LHS dominates the second term to some extent at large values of β 1 , and the second term (i.e., the logarithm term) dominates the first term overwhelmingly at small values of β 1 . However, at small values of β 1 , we have β
Using this approximation, (3) becomes
Equation (4) is equivalent to [13, eq. 9] . This can be written as
if we define u = (βW fin /2)e (V GS −Δφ−φ fn )/2φ t and b = (2ε/W fin C ox ).
At small values of β 2 , (5) (by neglecting the β 2 term in the LHS), which can further be simplified as
where W (x) is the Lambert-W function [16] defined as the solution of W e W = x. We then utilize the following closedform approximation [17] for the Lambert-W function:
This has been shown [17] to be valid for x < 500. Using (7) in (6), we get
The suffix _md implies applicability to medium values of β 2 because the approximation that we have used for the Lambert-W function is not applicable for very large values of its argument. A plot of β 2_sm and β 2_md shows that they differ in orders of magnitude, with β 2_sm < β 2_md for small values of β 2 , and β 2_md < β 2_sm for medium values of β 2 . Hence, they can be conveniently combined as β 2_sm_md = ((β 2_sm · β 2_md )/(β 2_sm + β 2_md )). This gives a single-piece approximation for β 2 , which is valid for small and medium values of bu. The notions of small and medium are arbitrary and do not affect the suggested procedure, as will be seen.
Next, considering the root cause analysis stated in Section II of the limited numerical robustness of the approximation described in [1] , we suggest a different starting guess for z 1 (which equals tan(β 1 ) in [1] ), than that used in [1, eqs. 12 and 13] . It is seen that if the following starting guess is used:
then the numerical robustness limitation is overcome, and the accuracy (for most of the practical bias range in most applications) and the computation expense remain unchanged. The rest of the procedure remains the same as in [1] . The justification for choosing z 1 as in (9) is that, at small values of β 1 , it is clear that β 2 = β 1 tan(β 1 ) ≈ tan 2 (β 1 ). However, at small and medium values of β 1 , we have already shown that β 2_sm_md is a good approximation for β 2 . Extending this assertion beyond small values of β 1 since this is only a starting guess, we can thus say that β 2_sm_md ≈ tan 2 (β 1 ). Therefore, z 1 equals β 2_sm_md .
IV. RESULTS
The channel length L g , work function difference Δϕ, and mobility μ used in the current/transconductance calculations and 2-D device simulations are 1 μm, 0 V, and 300 cm 2 /V · s, respectively. These are the same values as those considered in [1] . For a range of values of (V GS − Δϕ − V DS ), the original transcendental equation (1) was solved numerically for β 1 . Fig. 1 shows the accuracy of the proposed enhancement when plotted over a bias range of −4 to 4 V. Even though the voltages are not expected to be as high as 4 V at the geometries considered in most applications, it is possible that higher than normal voltages are encountered in the various internal iterations during the solution process in a circuit simulator. More importantly, I/O devices use higher voltages, as do also some of the reliability studies involving circuits. In Fig. 1 , the trace labeled [1] is shown only for V GS − Δϕ − V DS > −1.34 V because of the numerical robustness issue stated earlier. We can see that the error is comparable to the original approximation for V GS − Δϕ − V DS < 0.8 V. For bias ranges above that, the accuracy of our suggested enhancement degrades to about 10 −6 %, which is still very small. Figs. 2-5 show a comparison of current and transconductance with 2-D device simulations using Synopsys Sentaurus Device for three silicon body thicknesses. In these plots, the drain current model described in [4] was used for the analytical model. Fig. 6 shows the transcapacitances using the analytical model presented in [14] . The curve labels (a), (b), and (c) correspond to calculations of β 1 using [1] , the present work, and numerical calculations, respectively, and they fall exactly over each other. 
V. CONCLUSION
An enhancement of an existing approximation to the solution of a key transcendental equation in symmetric DGFETs has been presented. The enhancement was shown to increase the numerical robustness of the original approximation while causing no loss in computational efficiency.
